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SLIDELINE VERIFICATION FOR MULTILAYER PRESSURE VESSEL AND
PIPING ANALYSTS INCLUDING TANGENTIAL MOTION

by

Leonard A. Van Gulick, Collaborator
Los Alamos National laboratory

Los Alamos, New Mexico

Norlinear finite element method (FEM) computer codes with slide-
Yine algorithm implementations should be usn:ful for the analysis of
prestressed multilayer pressure vessels and piping. This paper presents
closed form solutions including the effects of tangential motion useful
for verifying slideline implementations for this purpose. The solutions
describe stresses and displacements of a long internally pressurized
elastic-plastic cylinder initially separated from an elastic outer
cylinder by a uniform gap. fomparison of losed form and FEM results
evaluates the usefulness cof .ne closed form solution and the validity

of the slideline implementation used.



NOMENCLATURE

a,b
c,¢
C,C:,C:
Ei1.E,
Ky oKy o

C'ym

inner and outer radii, inner cylinder
inner and outer radii, outer cylinder
boundary condition dependent constants
Young's modulus, inner, outer cylinders
stiffness paameters, inner cylinder
stiffness parameter, outer cylinder
combinad stiffness parameter

irternal pressure, inner cylinder
1imiting pressure for separation
interface pressure

radius

displacement, outer surtace, inner cylinder
thickness ratio, inner, outer cylinders
internal pressure decrease

interrtace pressure decrease

Poisson's ratio, inner, outer cylinders
hoop stress, inner cylinder

radial stress, inner cylinder

elastic unloading stresses

yield stress, inner sphere

modified yield stress, inner sphere



Subscripts Denote Quantities Associated With:

1 initial yielding

[ ]

complete yielding
gap closure

peak pressurization
separation

complete pressure release

~N O O b W

operating corditions



INTROCUCTION

The recent development and implementation in nonlinear finjte element
method (FEM) computer codes cf slideline algorithms (1,2) should facilitate
the inclusion of the effects of initial interlayer gaps in the analysis of
prestressed multilayer pressur> vessels and piping being developed for
commercial nuclear reactors (3). Verification of the ability of FEM codes
to carry out this analysis has been .1imited, however, by a scarcity of
appropriate closed form solutions to which code results could be compared.
Needed are closed form solutions for stresses and displacements for prob-
lems that include initiation and termination of interlayer contact, tangen-
tial or "sliding" motion of contacting surfaces, and plastic material
behavior followed by elastic unloading and subsequent reloading.

Closed form solutions for two internally pressurized concentric spheres
initially separated by a uniform gap have been found useful for partially
verifying slideline implementations (4). Lack of tangential motion, however,
due to the spherically symmetrical geometry pirevents tse of thase solutions
to evaluate code ability to cnrrectly describe sliding motion.

This study develops closed form solutions that include tangential
motion suitable for slideline verification. The problem treated consists
of two long, concentric, thick-walled, open-ended cylinders subjected to
1ﬁterna] pressure. The two cylinders are initially separated by & uniform
gap large enough to allow complete yielding of the inner cylinder before
it contacts the outer one. Contact between the two cylinders is assumed
to be frictionless, permitting s)liding or tangential axial motion to
occur between them after contact, as well as before. Elastic-perfectly

plastic material behavior for the inner cylinder and elastic behavior for



the outer cylinder are assumed. A pressurc-time history consisting of
initial pressurization, pressure release, and repressurization to opera-
ting pressure is consiaered.

Closed form resulis for an arbitrary choice of geometry and pressure
levels are compared to FEM results obtained using ADINA (5,6) and a recently
implemented slideline a]gdrithm (7). The comparison leads to an evaluation
of the value of the closed form solutions for slideline verification and

of the validity of the particular slideline implementation used.

CLOSED FORM FORMULATiON

Equations for the stresses and displacements in a long elastic,
thick-walled, open-ended cylirder, subjected to internal and external pressures
are readily available (8). Standard plasticity texts (9,10) describe the
behavior of a long thick-walled elastic-plastic cylinder subjected to
internal pressure. These results can be ccmbined and extended to treat
multilayer cylindrical configurations (11). This procedure was used to
develop closed form solutions for stresses and displacements in the two
cylinders with inner and outer radii, a, b, and ¢, d, shown in Fig. 1.

The pressure-displacement diagram chown in Fig. 2 relates the dis-
placement of the outer su-face of the inner cylinder to internal pressure
during initial pressurization to peak pressure, p., pressure release, and
repressurization to operating pressure, p,. As shown, separation may or
may not occur during pressure release depending on the peak pressure chosen.

The slope of the preyield portion of the curve is determined hy the

stiffness of the inner cylinder.

Ky= E3 (312-1) (1)
2b,



where

Bi=b/a (2)

and E; is Young's modulus for the inner cylinder.
The pressure at which yielding begiins, p,, determined using the

Tresca yield criterion, and the corresponding displacement, u,, are

2
Pa=1 (8 -1) o (3)
) .
2 B
U= boy (4)
2
B E,

£

where °y is the yield stress Yor the inner cylinder.
Yielding completely through the wall of the inner cylinder occurs

at a pressure, p,, and produces a displacement, .,,

P Uy|n31 (5)
2 2
uz= boy (1-uy +2m 1ngy) (€)
2
E, By -1

where uy, , is Poisson's ratio for the inner cylinder,
Unrestrained expansion at constant nressJyre occurs from 2 to 3.

The displacement at 3, u,, is the initial gap.

Us® ¢-b . (7)



The slope of the remainder of the loading curve, K:, is determined
by a stiffnecs parameter relating Zisplacement of the internal surface
of the outer cylinder, with Young's modu\ﬁs, E2, and Poisson's ratio,

M2, to interface pressure, p,.

K2= Eg 1822'11. ' (8)
¢ (Bzz"'l)"'uz(szz‘l)

The thickness ratio of the outer cylinder is

.= d/c (9)

Maximum displacement, uu., Occurs at peak pressure, p.,

Uy= U!tﬁ_&p_:.p_ll (10)

K2

The two cylinders unload elastically as an jntegiral unit when
pressure release begins. Their combined stiffness, K;, determines the

initial slope ¢f the unloading curve,

Ks= K1(Kyy-Ka) (11)

Kis

where K., is the st;ffness parameter relating the displacement at the

outer surface of the inner cylinder to & change in interface pressure.

Kia® -E !BLR'I‘) (12)
b (B;.+1)-U(312‘1)




Separation will occur if the outer cylinder reaches its undeformed
position. The interface pressure will then be zero and the inner cylinder
will move in alone, with additional disp]écements related to further
reductions in internal pressure by the original stiffness, K,. The separa-
tion pressure, pg,

ps* Puiﬂi(Pu'Pz) (13)
K2
js physically meaningful only if positive. Negative values indicate
complete pressure release without separation and are associated with peak

e e *
pressures greater than a limiting value, p,-

*
Pu= Kip3 (14)
Ks-Ka
A residual displacement, ug, exists when the initial pressure is

fully released.
*
Ug= Uj-Ps/Ky PuSPu (15)
L]
Ue= Uy-Pu/Kj Pu2P4 (16)
Repressurization to operating pressure, p,, produces elastic behavior
described by proceeding back up along the unloading curve.

Radial and hoop stresses at radius, r, in the inner cylinder after

yielding reaches its outer surface are given by

0." oyln [EJ +C (17)
gg® ¢, ¥ oy (18)



with C a boundary condition dependent constant.

Peak stresses are found by setting r=a, O.="Pus and solving for C.

Cy = cyln (%] - P ' (19)
0ug= 0, (1+1n (%])-._p.. | (20)

The maximum interface pressure, P us is found by substituting r=b

into eqn. (19).

P u Pu'°y|n31= Pu-P2 (21)

Inner cylinder stresses during pressure release are obtained by

superimposing on the peak stresses a system of eiastic stresses,

o F= Ci+ Ly (22)
r? |
E
0 * Ca- C2 (23)
rz

with constants evaluated using boundary conditions, orE=Ap and crE=Ap|,
at r=a and r=b.
Residual stresses at complete pressure release, Ap=p,, are found

using Apl-plu when separation occurs and Ap|=szu/K3 when it does not.

.2
o¢ = cY(InEJ-Zi _llnel(l-(_:_]z,)) (24)
Teg® °y(1+'“r_§]-_L: f_lln61(1+[%]’)) (25)
\ 1 -



For pksp: (separation)

2
0e = 0 in (r]- puBy_ (1-[a)2)(1-K;) (26)
n [a] 81‘-1 [r] | ﬁ
2
Osp2 0, (1+In(r))-pu8y _ (1+[2)2)(1-K;) (27)
oY (a] By -1 ["] Ky
For P,2P, (no separation)

Contact is assumed after repressurization to operating pressure, p;.
The operating stresses, 97,5 and 074 are found by substituting Ap=p,-p,
and Ap|=KzAp/K; into (22) and (23) and adding the resulting stress system

to the peak stresses.

0y = oylnEEI-Pu p
+(Pe-Pr)_1_(Kq(1- 2]’)312-(1-312[3]’)) (28)
By -1 Ky T r

07¢* oy(1+|n(£])-ph

r r

+(Pu=py)_1 (|_<1(1+[3]’)812-(1+612[5]’)) (29)
Bi -1 Ks

FINITE ELEMENT METHOD CALCULATIONS

ADINA is a general purpose, nonlinear finite element method structural
analysis code into which a slideline algorithm that uses constraint equations
based on the work of Taylor, Hughes, et al. (12) has been introduced. Con-
tact compatibiiity is imposed by Lagrange multiplier techniques, with the
multipliers representing nodal contact forces.

9



ADINA calculations were carried out for an arbitrarily chosen
set of dimensions ar.d material properties for which b/a=1.25, ¢/a=1.252,
d/a=1.50,E1=E2, wy*w,=.3, and oy-lxlO"E;.

The axisymmetric finite element model used in the calculations is
shown in Fig. 3. A frictionless interface between the two cylinders
was specified, permitting axial sliding or tangential relative motion
of the contacting surfaces. The model has 2222 node points and 2000
four node elements. The contacting-surfaces are each defined by 101
node points. | |

Calculations were carried out in a stepwise fashion because of the.
ADINA incremental solution scheme.l-A loading sequence of sixteen steps
and an unloading sequence of twenty steps were used, with operating
stresses determined during unloading. Much smaller steps were used in
those portions of the calculations during which contact was initiated or
terminated than were used els~where. No concerted effort was made to
minimize the number of steps.

Equilibrium iteration was carried out at each load step and the stiff-
ness matrix was reformulated as well. The Newton Raphson method was used
to solve the incremental equilibrium equations. The ADINA material non-
linearity only analysis option was chosen because of the small displace-
ments and strains associated with the subject problem. Averaging of Gauss
point values to define element stresses was carried out as part of the
postprocessing procedure.

The inner cylinder was modeled with ADINA material model eight,
elastic-plastic with a von Mises yield criterion and isotropic hardening.
The tangent modulus was specified as 1x107°E , rather than zero, to avoid

possible numerical difficulties assnciated with a singular inner cylinder

10



stiffness matrix foilowing compiete yield and prior to contact. Supple-
mentary celculations showed results tc be quite insensitive to tangent

modulus, as long as it was small compared'to Young's modulus.

NUMERTCAL RESULTS AND TONCLUSIONS

Distributions through the inner cylinder wall of nondimensionalized
peak, residual and operating stresses are presented in Figs. 4 through 9
for p.-.3ov and p,-.Zoy. Closed form results were computed with a modified
yield stress, L

R |
L ﬂlf_ o, (30)
38; +1
chosen to partially compensate for the different vield criteria, Tresca
and von Mises, used in the closed form and FEM calculations.

ixcellent agreement is seen to exist between closed form and FEM
results, even for residual stress calculations, which pose a severe test
for slideline algorithus. Note thai both closed form and FEM results fer
residuai radial stresses, s _. are very small throughout the cylinder wall.
Separation fcllowing pressure release is indicated by the zero rcsidual
radial stress at the contact surface, r/a=1.25. This is es expected. sinco
p. was chosen less than pt in order ¢o0 test the alyorithm's ability to
correctly describe surfaca separation during unloading.

The clesed form results developed are seen to be useful for verify-
ing FEM slideline implementations. Algorithm ability to correctly describe
the initiatior and termination of cnntact betwecn frictionless sliding surfaces
of elastic-plastic pressure vestels and piping can be verified using these

results. The ADINA slideiine impleme-tations usnd can be considered at

li



least partially veriiied Tor computations of this type.
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FIGURES

1. Concentric Cylinders-Geometry

2. Pressure-Displacement Diagram

[ #1]

Finite Element Model

Peak Radial Stress Distribution
Peak Hoop Stress Distribution
Residual Radial Stress Distribution
Residual Hoop Stress Distribution

Cperating Kadial Stress Distribution

O 0 ~ O o

Operating Hoop Stross Distribution
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